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Abstract 

We consider non-linear Schrodinger equations with a potential, and non-local non- 
linearities, that are models in mesoscopic physics, for example of a quantum ca¬ 
pacitor, and that also are models of molecular structure. We study in detail the 
initial value problem for these equations. In particular, existence and uniqueness 
of local and global solutions, continuous dependence on the initial data and regu¬ 
larity. We allow for a large class of unbounded potentials. We have no restriction 
on the growth at infinity of the positive part of the potential. 

We also construct the scattering operator in the case of potentials that go to zero 
at infinity. Furthermore, we give a method for the unique reconstruction of the 
potential from the small amplitude limit of the scattering operator. In the case 
of the quantum capacitor, our method allows us to uniquely reconstruct all the 
physical parameters from the small amplitude limit of the scattering operator. 
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1 Introduction 


In recent years there is a considerable interest in non-linear Schrodinger equations with a 
potential (NLSP) and a non-local non-linearity that is concentrated in a bounded region 
of space, for example, to model physical situations that appear in mesoscopic physics. In 
particular, in uadi mi Ham] the following equation was introduced to model a quantum 
capacitor (in jll]' more general equations are discussed). 


.d 

l dt 


d 2 


u(x,t ) = + V 0 u(x,t ) + A Q(u)x[b,c]{x)u(x,t), u(x, 0 ) = tp(x), ( 1 . 1 ) 


with, i,teR, and where we have set Planck’s constant h equal to one and the mass equal 
to 1/2. For any O G M, xo is the characteristic function of O. The external potential, Vo, is 
a double barrier, 


Vo{x) = (3 [x[a,b]( X ) + X[c,d]( X )] , P > 0, 
where, a < b < c < d. Furthermore, 


Q(u) := / | u(x, t)\ 2 dx 

Jb 

is the a-dimensional electric charge trapped in the well [b, c]. 

We briefly describe the physical aspects of the model given by (11.11) . following |20j . As 
is well known j7|, the interaction between electrons can play a crucial role in the electrical 
transport properties of mesoscopic systems. In the case considered in 1 2a, hi a cloud 
of electrons move in a double barrier heterostructure in which the well region confined 
between the two potential barriers acts like a quantum capacitor whose energy depends on 
the electron charge trapped inside it. The localization of the interaction is justified by the 
existence of a resonant state that allows for a long sojourn time of the electrons inside the 
well. This leads to an accumulation of electric charge inside the quantum capacitor. A main 
feature of equation (El) is that the non-linearity is concentrated only in the region where the 
resonant state is localized, i.e., within the two barriers. In [213, am cmg other results, a one 
mode approximation was considered, an adiabatic condition was introduced, and numerical 
simulations where performed. 
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In this paper we study the following generalization of HU, 


d d 2 

i—u(x, t ) = t ) + V 0 (x)u(x, t) + A (Ih u, u ) V^x) w(x, t), u(x, 0) = <p(x), (1.2) 

x,t G M. By (■, ■) we denote the L 2 scalar product. The external potential Vo is real valued, 
and Vi(x), 14(x) are, in general, complex valued. A G C is a coupling constant. 


In the particular case where Vo is a double well, Vi = V 2 is real valued, and A G K, this 
equation was extensively studied as a model for molecular structure [TQ1 [Tl] , mini, [Hanna 
El and the references quoted there. In these papers, molecular localization, the suppression 
of the beating effect by the non-linearity, and the semi-classical limit were studied, among 
other problems. 

Below, we study in a detailed way the initial value problem for cu- We prove existence 
and uniqueness of local solutions in L 2 , Hq, and Hg, where Hh, j = 1, 2, are Sobolev spaces, 
and Hq C Hq C L 2 (see section 2 for the definition of Hh, j = 1,2). We also prove the 
continuity of the solution on the initial value and a regularity result that tells us that if the 
initial value belongs to Hh, the solution in Hg can not blow-up before the solution in L 2 
does. We obtain also a similar result on regularity between Hg and Hg solutions, when the 
initial data belongs to Hg. Furthermore, we prove that if Vi, V 2 , are real valued and A G R 
the L 2 solutions are global, i.e., they exist for all times t G 1. If moreover, V) = V 2 we 
prove that the Hh, j = 1,2, solutions are global. We prove these results for a large class 
of unbounded external potentials, V 0 (see section 2). In fact, we have no restriction on the 
growth at infinity on the positive part of the potential Vo- These results prove that (HU 
forms a dynamical system by generating a continuous local/global flow |22j- hi this sense, 
the spaces L 2 ,Mq and Hq are fundamental for the equation (11.21) . 

In [12, E3 the existence and uniqueness of global solutions in the Sobolev spaces HP, j = 
1,2, was proven in the case where the external potential V 0 is bounded. 


Then, we consider external potentials that decay at infinity, and we construct the scat¬ 
tering operator for (HU with reference dynamics given by the self-adjoint realization in L 2 
of —^ 2 - Furthermore, we study the inverse scattering problem. We prove that the small 
amplitude limit of the scattering operator allows us to uniquely reconstruct Vo and A. In the 
particular case of the quantum capacitor, (HU- this gives us all the physical parameters. 
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There is a very extensive literature on the initial value problem and in scattering for the 
non-linear Schrodinger equation without a potential and local non-linearities. As general 
references see, for example, [5BJ 22) 22, US], EJ and 32j- For the case of non-linearities 
concentrated in a finite number of points see P00I11 

For the initial value problem for the NLSP with a local non-linearity and a potential 
that has bounded second derivative see [223- For the forced problem on the half-line see [42], 
where for local solutions there is no restriction on the growth of the positive part of the 
potential at infinity, and for global solutions only mild restrictions that allow, for example, 
for exponential growth. 

For direct and inverse scattering for the NLSP with local non-linearities see m, m and 
142], and for the case of the non-linear Klein-Gordon equation with a potential and local 
non-linearities see [423 and t 3Ej. For an expository review of these results see HI- For the 
forced NLSP on the half-line see [4Bj- 

For center manifolds for the NLSP with local non-linearities see m, and for the non¬ 
linear Schrodinger equation with a double-well potential and a cubic local non-linearity see 


The paper is organized as follows. In section 2 we prove our results on the initial value 
problem. In section 3 we construct the scattering operator (direct scattering) and we prove 
our results on inverse scattering. 

2 The initial value problem 

In this section we absorb the coupling constant A into V 2 and we consider the initial value 
problem for the following NLSP, 



u(x,t ) 


dx 2 


u(x, t ) + V 0 (x)u(x, t ) + (Vi u, u ) V 2 u(x, t ), 


u(x, 0) = <p(x). 


( 2 . 1 ) 


By Wj tP ,j = 1, 2, • • • , 1 < p < 00 , we denote the Sobolev space [3j of all functions in L p 
such that all its derivatives of order up to j are functions in L p . By || - \\j, p we denote the 
norm in Wj tP . By HP , j = 1, 2, • • •, we denote the L 2 based Sobolev spaces, HP := Wj i2 - 


We suppose that the potential V 0 satisfies the following assumption. 
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Assumption A 
Assume that, 

ho = Vo,i + Vo, 2 , with V 0 j G L { oc , Vo,i > 0, (2-2) 

/■x+l 

sup / |Vo !2 (^r)| dx < oo. (2.3) 

xeR J x 

We denote , Q := ^/Vo,i and by D(Q) the domain in L 2 of the operator of multiplication 
by Q. 

Let us denote by Hq the self-adjoint realization of — hi L 2 with domain H 2 . Equation 
m implies that Vo, 2 is a quadratic form bounded perturbation of H 0 with relative bound 
zero (this is proven, for example, as in the proof of Proposition 2.1]), that is, for any 
e > 0 there is a constant K e such that, 


l(V r o,^,v)|<e||/||i J + jr,|M|| 1 . (2.4) 

It follows that the quadratic form, 

■= + (Vowith domain, D(h) := H 1 fl D(Q ), (2.5) 

is closed and bounded from below. Let H be the associated bounded-below, self-adjoint 
operator (see, [21,El). Then, 

f d 2 1 d 2 

D(H ) = < ip G D(h ) : ——ip + Vp Gt 2 and Hp = — —p + Vp, p G D(H). (2.6) 

( dx z J dx z 

Let us take N > 0 such that H + N > 1 and let us denote D := D^’ = _ 00 Z)((iL + N) m ). 
For any s G M let Hg be the completion of D in the norm, || (H + N) S ^ 2 \\ L 2 . Notice that 
B° q = L 2 , Hg = D(y/H + N) = D(h) and that Hg = D(H). 

Observe that the following norm is equivalent to the norm of Hk, 


max [IMI hi, WQvWlA ■ 

Furthermore, if Vb, i = 0 the potential Vo is a quadratic form bounded perturbation of H 0 
with relative bound zero, and then, Hg = H 1 . In this case the Hg solutions that we consider 
below are just H 1 solutions. 
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As Hq = D(H), the following norm is equivalent to the norm of Hq, 


max 





The paper 0 gives sufficient conditions in Vo that assure that Hq C H 2 . Furthermore, 

if 

rx +1 

sup / \V 0 (x)\ 2 dx < oo, (2.7) 

x£i J X 

it follows from (E3h and as ||Vo<£||| 2 = (Vq p, p), and (p', p') < \\H 0 <p'\\ 2 + ||<p|| 2 , that Vo is 
relatively bounded with respect to Hq with relative bound zero, that is, for any e > 0 there 
is a constant K e such that, 


\\V 0 p\\<e\\H 0 p\\ L2 + K e \\p\\ L 2 . (2.8) 

In this case (see [21], |ITj) Hq = H 2 and the Hq solutions that we consider below are just 
HI 2 solutions. 

It follows from the functional calculus of self-adjoint operators that H is bounded from 
Hq to Hq - 2 and that e~ ltH is a strongly-continuous unitary group on Hq,s G R. Moreover, 
for any p G Hq, s G R, e~ ltH p G C (R, Hq) D C l (R, Hg -2 ) and, 

i^e~ itH <p = He~ itH <p = e~ itH Hp>, ip G Hq. 

We introduce some further notation that we use below. Let I =: [0, T], if 0 < T < oo 
and / = [0, oo), if T = oo. For any Banach space X we denote by Xr the closed ball in 
X with centre zero and radius R. If T < oo we denote by C (/. X ) the Banach space of 
continuous functions from / into X and if T = oo we denote by Cb(I, X) the Banach space 
of continuous and bounded functions from / into X. For T < oo, we define, A f := C(I, L 2 ) 
and Af j := C(I, Hq), j = 1, 2. For functions u(t, x ) defined in R 2 we denote u(t) for u(t, •). 

We study the initial value problem m for t > 0, but changing t into —t and taking the 
complex conjugate of the solution (time reversal) we also obtain the results for t < 0. 

By a L 2 solution on / to m we mean a function u G C(I, L 2 ) flC 1 (/, Hq 2 ) that satisfies 

d2U>. 
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Multiplying both sides of (12.11) (evaluated at r) by e d* an d integrating in r from 
zero to t we obtain that, 

■u(t) = e~ ltH \p H— GF(u), withF(w) := (Vi u,u) V 2 u (2.9) 

i 

and where, 

Gu := f e-^~ T)H u(T)dT. (2.10) 

Jo 

Moreover, let u G C(I,L 2 ) be a solution to (12.91) . Then, it follows from (12.91) that u G 
C l (I, Hq 2 ). We prove that u solves (12.11) taking the derivative of both sides of m- Hence, 
equations m and El are equivalent. We obtain our results below solving the integral 
equation (EH). 

In the next theorem we prove the existence of local solutions in L 2 . 

THEOREM 2.1. Suppose that assumption A is satisfied and that Vj G L°°, j = 1, 2. Then, 
for any p G L 2 there is 0 < T < oo, such that (GOD has a unique solution, u G C(I,L 2 ) 
with, w(0) = (p. T depends only on ||y?||x. 2 . 

Proof: We define, 

C(u) : e~ itH ip+ -GF(u). (2.11) 

i 

We will prove that we can take R large enough, and T so small, that C is a contraction on 
■A/ji¬ 
lt follows from Schwarz inequality that for any u,«G Mr, 

||F(u) - F(v) ||at < C (||u||^ + ||u||^) \\u -v\W<C2 R 2 ||w - v\\ M . (2.12) 

Then, as e~ ltH is unitary on L 2 , 

l|C(u)lk< WWv+CTWuf^ < IMv+CTI?}, (2.13) 

||C(«) - C(!,)|k < CT(||«|y + Ut*) ||« - v || N < CT2R 2 \\u - iiHat. (2.14) 

Then, we can take R,T such that ||^||l 2 + C T R 3 < R and, d := C T 2 R 2 < 1, what 
makes C a contraction on Mr. By the contraction mapping theorem [20] C as a unique fixed 
point, u, in M that is a solution to (12.91) . 
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Suppose that there is another solution v G A f. By the argument above, we have that 
v(t) = u(t) for t G [0, Tq] for some T 0 < T. By iterating this argument we prove that 
v(t) = u(t), 0 < t < T. 

□ 

We now prove that the solution depends continuously on the initial data. 

THEOREM 2.2. Suppose that assumption A is satisfied and that Vj G L°°, j = 1, 2. Then, 
the solution u G C([0, T], L 2 ), 0 < T < oo, to \2.1\) with u( 0) = <p, given by theorem, ld.il 
depends continuously on the initial value <p. In a precise way, let tp n —► p strongly in L 2 . 
Then, forn large enough, the solutions u n G C([0, T], L 2 ) to \2.1\) with initial values <p n exist 
and u n —> u in C([0, T], L 2 ). 

Proof: We first prove a local version of the theorem with T replaced by a T 0 small enough . 
We define, 

C n (u) := e~ itH (p n + -GF(u), u G A f(T 0 ) := C([0, T 0 \,L 2 ). (2.15) 

% 

As e~ ltH ip n —> e~ ltH ip in A f(T 0 ), for n large enough C n and C are contractions in J\f R (T 0 ) 
with the same R, T 0 , d. The unique fixed points, u n , u are solutions to (EHJ) in C([0, T 0 ], L 2 ) 
with, respectively, u n ( 0) = <p n ,u( 0) = Moreover, as C n (u n ) — C(u) = C n (u n ) — C n {u) + 
C n {u) — C(u), 


|| U n ^I|a/”(To) ||Cn(Wn) C {u) ||aT(To) ^ 11 A/”(To) T ||^n ^lli 2 ) (2-16) 

and as d < 1, u n u in A/"(T 0 ). As the interval of existence of the solution given in theorem 
12.II depends only on the L 2 norm of the initial value, we can extend this argument, step by 
step, to the whole interval [0, T]. 

□ 

REMARK 2.3. let T m be the maximal time such that the solution u given in theorem 12.II 
can be extended to a solution u G C([0, T m ), L 2 ) with u(0) = Then, if T m is finite we 
must have that lim^oc ||w(£)||l 2 = oo. In other words, the solution exists for all times unless 
it blows up in the L 2 norm for some finite time. To prove this result suppose that ||w(t)||x ,2 
remains bounded as t | T m . Then, by theorem 12. II we can extend the solution continuously 
to T m + e for some e > 0, contradicting the definition of T m . 


Another consequence of theorem 12.11 is that m has at most one solution in C(I,L 2 ) 
with w(0) = tp. Suppose, on the contrary, that there are two, Ui,u 2 . Then, by theorem 
o Ui(t) = u 2 (t),t G [0, T 0 ] for some 0 <T 0 <T. Let T m be the maximal time such that 
u\{t) = u 2 (t),t G [ 0 , T m ). Consider hrst the case where T < oo. Then, T m = T, because 
if T m < T, theorem O would imply that Ui(t) = u 2 (t ) for t < T m + e for some e > 0, in 
contradiction with the definition of T m . Then, T m = T and by continuity, U\{T) = u 2 (T), 
completing the proof in the case T < oo. A similar argument proves that if T = oo, T m can 
not be finite. 


□ 

We will use the uniqueness of L 2 solutions given by theorem 12.11 and remark 12.-11 in the 
construction of the scattering operator in theorem Id. II in section 3. 

We now study solutions in Hh. 

THEOREM 2.4. Suppose that assumption A holds, that V\ satisfies (HZf and that V 2 G 
Wi j00 . Then, for any p G Hq there is a 0 < T < oo such that \2. ?l) has a unique solution 
u G ( 7 ([ 0 , T], Hq) ; with u(0) —p.T depends only on H^Uh 1 • 

Proof: As V] satishes (Q, it follows from O that, 

|(W^,^)| < for all i^gB 1 . (2.17) 

Then, defining C as in flzznp and as V 2 G Wi i00 , 

l|C(«)|k. SlIvlleJ + CTHuliy, (2.18) 

IICW-CWIU. <CT(||u||y + ||„||^) ||u-b||xi. (2.19) 

We take R,T such that H^Hh 1 + CTR 3 < R and, d := C T 2 R 2 < 1. By (12.1811 and 
(ESI) , with this choice C a contraction on J\ff with contraction rate d. The unique fixed 
point, u, is a solution to El with u(0) = ip. We prove the uniqueness of the solution in 
C([0, T], Hq) as in the proof of theorem ITT! 

□ 

There is also continuous dependence of the solutions in Hq. 
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THEOREM 2.5. Suppose that assumption A holds, that V\ satisfies (1 HW and that V 2 E 
W hoo . Then, the solution u E (7([0, T], Hq), 0 < T < 00, to \2.1\) with w(0) = p, given by 
theorem \2.J\ depends continuously on the initial value p. In a precise way, let p n —> p, 
strongly in Hq. Then, for n large enough, the solutions u n E C([0, T], Hq) to \2.1\) with 
initial values, p n exist and u n —> u in (7([0, T\, Hq). 

Proof: The theorem is proven as in the proof of theorem 1221 replacing in the argument AI(Tq) 
by C > ([0, To], Hg). 

□ 

REMARK 2.6. We prove as in remark E2 that the solution to m in Hg exists for all 
t > 0 unless it blows up in the Hg norm for some finite time and that theorem 2.4 implies 
that m has at most one solution on C(/,Hg). 


□ 

Let us now study solution in Hg. 

THEOREM 2.7. Suppose that assumption A holds, that Vi satisfies (Q) and that V 2 E 
W"2,oo- Then, for any p E Hg there is a 0 < T <00 such that <ld.il) has a unique solution 
u E C([0,T], Hq), with w(0) = p. T depends only on ||</?|| H 2 . 

Proof: As V 2 E W 2 ,ooj f° r some constant C , 

||^||h 2 q < C'll^lln^. for all <^5 G Hg. (2.20) 

Then, with C defined as in cnub 


||c(u)||^<|M|^ + C 7 r|H|^, (2.21) 

II c(u) - C[v )\\^2 < CT (|M |^2 + 11 ^ 11 ^ 2 ) ||u - v 11 j\[ 2 . (2.22) 

Let R, T be such that ||^||h 2 + CT R 3 < R and, d := CT 2 R 2 < 1. Hence, it follows 

Q 

from (IT2TD and that C is a contraction on A with contraction rate d. The unique 

fixed point, u, is a solution to m with u(0) = p. We prove the uniqueness of the solution 
in C'([0,T],Hg) as in the proof of theorem |2.II 


10 




□ 

THEOREM 2.8. Suppose that assumption A holds, that V\ satisfies (HD and that V 2 G 
W 2j00 . Then, the solution u G C([0, T], Hq), 0 < T < oo, to 12.11) with w(0) = ip, given by 
theorem \ 2. r \ depends continuously on the initial value ip. In a precise way, let <p n —> <p, 
strongly in Elg. Then, for n large enough, the solutions u n G (7([0, T], 03,) to 12.11) with 
initial values <p n exist and u n —> u in C([0, T\, 03). 

Proof: The theorem is proven as in the proof of theorem 12.21 replacing in the argument J\f(T 0 ) 
by C([0,T 0 ],Hq). 

□ 

REMARK 2.9. We prove as in remark Q that the solution to m in Hq exists for all 
t > 0 unless it blows up in the Oq norm for some finite time and that theorem 2.7 implies 
that m has at most one solution on C(7,03). 


□ 

We now consider the problem of the regularity of solutions. Suppose that the conditions 
of theorems 12.11 and 12.41 are satisfied and that ip G Oq. Then, by theorem 12.11 (12 .1 1) has a 
unique L 2 solution and by theorem 12.41 a unique Oq solution, both with initial value, ip. In 
the proposition below we prove that it is impossible that the Oq solution blows-up before 
the L 2 solution. 

PROPOSITION 2.10. Suppose that assumption A holds that V\ G L°° and that V 2 G W\ )00 . 
Let u G C([0, T], L 2 ), 0 < T < oo be a solution to 12.11) with w(0) = ip G Hq. Then, 

«GC([o,niy. 

Proof: By theorem 12.41 there is a 0 < T 0 < T such that u G C([0, T 0 ], EIq). Let us denote, 
v := \JH + Nu, 0 < t < T 0 . Multiplying both sides of (12.911 by \JH + N we obtain that, 

v(t) = e~ itH (VH + N)p + j G(V lU , u ) [(H + N) 1/2 V 2 (H + N)~ 1/2 ] v. (2.23) 

Note that as V 2 G Wi jCX> , [(H + N) l / 2 V 2 (H + A) -1 / 2 ] is a bounded operator in L 2 . 

Equation is a linear equation for v, where u is a fixed function in A/". Solving 

this equation in an interval [T 0 ,T 0 + A], with A small enough, we prove that v(t) G L 2 , for 
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To < t < T 0 +A. Note that the length of A depends only on ||w||_/y/-. Repeating this argument, 
step by step, we prove that v G C([0,T],L 2 ) and, in consequence, that u G C([0, T], Hq). 

□ 

In the following proposition we prove regularity between Hq and Hq solutions. 

PROPOSITION 2.11. Suppose that assumption A holds, that V± satisfies \2. 7p and that 
V 2 G IT 2 ,oo• Let u G C([0, T], Hq), 0 < T < 00 , be a solution to \2.1\) with w(0) = (p G Hq. 
Then, u G C([0, T], Hq). 

Proof: By theorem 12.71 there is a 0 < T 0 < T such that u G C([0,To], Hq) and then, by (12.11) 
v \= jpu(t) G Cb([0, T 0 ], L 2 ). Moreover, taking the derivative in time of (12.91) we obtain that, 


iv = e~ itH [Hp + F(tp)\ + G (2 {Re (v, V&)} V 2 u + (Vm, u ) V 2 v). (2.24) 

Solving the real-linear equation firm - where now u is a fixed function in A/" 1 - in an interval 
[T 0 , T 0 + A], with A small enough, we prove that v(t) G L 2 , for T 0 < t < T 0 + A. Note 
that as Vi satisfies (HID, it follows from (12.41) that \\Viu(t )\\ 2 L 2 = (Vfu(t),u(t)) < C||u||^i. 
In consequence, the length of A depends only on IImIIa^ 1 - Repeating this argument, step by 
step, we prove that v G C([0,T],L 2 ) and, in consequence, that u G C([0, T], Hq). 

□ 

Let us now consider the existence of global L 2 solutions. For this purpose we prove that 
the L 2 norm is constant. 


LEMMA 2.12. Suppose that assumption A holds, that V\ G L°°, that V 2 G Wi iO0 , and, 
furthermore, that V \, V 2 are real valued. Then, the L 2 norm of the solution to m given by 
theorem mu and the L 2 norm of the Hq solution given by theorem \2.f \ are constant. 


Proof: We first prove the theorem for the solution u G C([0, T], HL). By (12.91) u G 
C 1 ([0, T], Hq 1 ) and then, by (12.11) . 


~||u(t)||ia= Re = Re^- [(Hu,u) + {Viu,u) {V 2 u,u)] = 0, (2.25) 

and then, ||w(t )|| i 2 = ||ti(0)||z. 2 - The result in the case of solutions u G C([0,T],L 2 ) follows 
approximating w(0) = <p in the L 2 norm by ip n G Hq and applying theorem 12.21 
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□ 

THEOREM 2.13. Suppose that assumption A holds, that V\ E L°°, that V 2 E Wi jOOJ and, 
furthermore, that V\,V 2 are real valued. Then, the L 2 solution, u(t), given by theorem \2.1\ 
exists for all times, and ||«(t )|| i 2 = ||m(0)||x,2, t E [0, oo). 


Proof: the theorem follows from remark PZT)1 and lemma 12.121 


For u[t) E C(I, HM we define the energy at time t as follows, 


□ 


E(u(t)) \= (u'(t),u'(t)) + (Vo u(t),u(t)) + -(Viu(t),u(t)) ( V 2 u{t),u{t )). 


(2.26) 


LEMMA 2.14. Suppose that assumption A holds, that V\ = XV 2 , for some real X, that V 2 
is real valued, and that V 2 E VV^oc. Then, the energy of the Hq solution to \2.1\) given by 
theorem \^J\ and the energy of the Hq solution to \2.1\) given by theorem \2. 7| are constant in 
time. 


Proof: We first prove the lemma for solutions u E (7([0, T\, Hg). If follows from (12.911 that, 
u E C 1 ([0, T], L 2 ). As Hq = D(H), we can write the energy as follows, 


E(u(t)) := (- u(t),Hu(t )) + ^(V 2 u(t),u(t)) 2 . 


It follows that, 
d 


—E(u(t)) = 2 Re [(u(t), Hu(t)) + X(V 2 u(t),u(t))(V 2 u(t),u(t))] = 

= 2Re^ [\\Hu(t )\\ 2 L 2 + X(V 2 u(t),u(t)) {{V 2 u(t), Hu(t)) + (Hu(t),V 2 u(t))}] 


= 0 . 


The result in the case of solutions u E (7([0, T\, HM follows approximating it(0) 
the Hq norm by p> n E Hq and applying theorem 12.51 


= m 


□ 


THEOREM 2.15. Suppose that assumption A holds, that V± = XV 2 , for some real X, that 
V 2 is real valued, and that V 2 E W 2)00 - Then, the Hq solution to \2.1\) given by theorem 


and the Hq solution to \2.1\) given by theorem \2. r \ exist for all times and the L 2 norm and 
the energy of the solutions are constant in time. 


13 







Proof: Let us first consider the solution u G C(I, Elk). By lemmata 12.121 and mi 


(«'(*),«'(*)) + (V 0 u(t),u(t))+N(u(t),u(t)) < E(um + N\\um\l + yi|V r 2||icc|K0)||i 2 . 

Then, by remark 12. (il u exists for all times, and the L 2 norm and the energy are constant in 
time. The theorem follows in the case of Hq solutions by proposition 12. Ill 

3 Scattering 

In this section we construct the small amplitude scattering operator, S, for equation (O 
and we give a method for the unique reconstruction of the potential Vo and the coupling 
constant A, from S. 

We first introduce some standard notations and some results that we need. 

For any 7 G M let us denote by L 2 the Banach space of all complex-valued measurable 
functions on M such that, 


IMI l i ;= J \vi x )\ (! + \x\y dx < 00 . (3.1) 

If Vo G L\ the differential expression r := — + V 0 (x) is essentially self-adjoint on the 

domain, 


D(t) := {v G L 2 c : (p, and cp' are absolutely continuous andr^J Gl 2 }, 

where L 2 C denotes the set of all functions in L 2 that have compact support. We denote by H 
the unique self-adjoint realization of r. As is well known, H2, EDI, H has a finite number 
of negative eigenvalues, it has no positive of zero eigenvalues, it has no singular-continuous 
spectrum, and the absolutely-continuous spectrum is [0, 00 ). By H 0 we denote the unique 
self-adjoint realization of —^2 with domain H 2 . The wave operators are defined as follows, 

W± := s— lim e itH e~ itH °. 

t—>=boo 

The limits above exist in the strong topology in L 2 and Range W± = H ac , where H ac denotes 
the space of absolute continuity of H. Moreover, the intertwining relations hold, HW± = 
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W±H 0 . for these results see [3S, • The linear scattering operator is defined as 


s L ■= W*W-. 


(3.2) 


For any pair, ip,ip, of solutions to the stationary Schrodinger equation 



(3.3) 


let [</?, -0] denote the Wronskian of ip and -0, 


:= 


Let fj(x,k),j = 1,2 be the Jost solutions to (|3.3I) that satisfy, fi(x,k) « e lkx ,x —> 
oo ,f 2 (x,k) ~ e~ lkx ,x —> — oo, [IS], Tli d~2 IH . The potential V 0 is said to be generic if 
[fi(x, 0), f 2 (x, 0)] 7 ^ 0, and it is said to be exceptional if [fi(x, 0), / 2 (a:, 0)] = 0. When Vq is 


exceptional there is a bounded solution to (El with k 2 = 0 , that is called a half-bound state 


or a zero energy resonance. The trivial potential Vo = 0 is exceptional. 

Below we will always assume that Vo £ L*, where in the generic case 7 > 3/2 and in the 
exceptional case 7 > 5/2. 

In Theorem 1.1 of m it was proven that the operators W± and IV0 are bounded on 
fV jiP , j = 0,1,1 < p < 00 . 

By Theorem 3 in page 135 of E3 




(3.4) 


is a norm that is equivalent to the norm of W ] p , 1 < p < 00 . I 11 (Q T denotes the Fourier 
transform. 

If H has no eigenvalues the W± are unitary operators on L 2 , and it follows from the 
intertwining relations that 


(1 + Hy ' 2 = w± (1 + H 0 y /2 w_ 
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and then, by (Id.41) . 


W + Hy/ 2 f\\ Lr , 


(3.5) 


defines a norm that is equivalent to the norm of Wj tP ,j = 0,1,1 < p < oo. Below we use this 
equivalence without further comments. Furthermore, the following L p — L p ' estimate holds 


-itH I 


\B(W hp ,W iy ) ^ 


< C —i—-, 1 < p < 2, 




(3,6) 


where for any pair of Banach spaces X, y, B(X, 3^) denotes the Banach space of all bounded 
operators from X into y. When H has bound states estimate m is proven in j41| for the 
restriction of e~ ltH to the subspace of continuity of H. 


The norm EH for the Sobolev spaces Wj iP , 1 < p < oo, and the L p — L p ' estimate EH 
are the basic tools that we use in order to construct the scattering operator and to solve the 
inverse scattering problem. 


For any 1 < q < 3/2 we denote, p := (q + l)/(q— 1), r := (Aq)/(2q — 1). We designate, 
P := (1/r, 1 /(p + 1)) and we define, 


L(P) := L r (R,L P+1 ) . 

Let Ai be the following Banach space, 

M := C B (R, L p+1 ) n L(P), (3.7) 


with norm, 


\\p\\m ■= m ax [||v?||c s (R,LP+i), ||^|| L( p)] . 

Recall that C B (R, L p+1 ) denotes the Banach space of all bounded and continuous functions 
from R into L p+1 . 

In the following theorem we construct the small amplitude non-linear scattering operator. 

THEOREM 3.1. Suppose that Vo G L\ { where in the generic case 7 > 3/2 and in the 
exceptional case 7 > 5/2 and that H has no eigenvalues. Moreover, assume that Vj G L g nL°° 
for some 1 < q < 3/2. Then, there is a S > 0 such that for every p>- G H 1 with IIV 9 — ^ 
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there is a unique solution, u, to El such that u G A4 fl Cb(R, L 2 ) and 


lim || u(t) — e ltH (p-\\ r 2 = 0. (3.8) 

t —>—oo 

Moreover, there is a unique ip + G L 2 swc/j that 

lim ||w(t) — e~ ltH (p + \\ T 2 = 0. (3.9) 

t —>oo 

Furthermore, e~ ltH ip± G A"! and 

IK*) - e“* tff 0±|K < C ||e _it£ fy±||^ , (3.10) 


b+-F-\\ L 2 <C\\(p_\\^. (3.11) 

The scattering operator Sv 0 : (p- </9 + is injective. 

Proof: Observe that w G Cb(M, L 2 ) fl Al is a solution to OH with lim t _ i ._ 00 ||w(f) — 
= 0 if and only if it is a solution to the following integral equation (this is 
proven as in the proof of the equivalence of El and EHD) 

i /■* 

u = e~ ltH (p --\— / g-hi-O hf(u(t)) dr, (3.12) 

* J- oo 


where, 


F(u) X(Viu,u) V 2 u. (3.13) 

We will prove that the integral in the right-hand side of EHD is absolutely convergent in 
Af and in L 2 . 

For m G At we define, 


V(u)(t) := 




F(u(t )) dr. 


By (13.01) and Holder’s inequality, 


\\(Vu)(t)\\ L ,+, < c/^ F y F ||FKr))|| i5 » I 


(3.14) 


(3.15) 
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where, d := 1/(2 q). Then, 


where, 


and 


\\(Vu)(t)\\ LP+ , <C(h+I 2 ), 


(3.16) 


rt -1 


/i : = 


h ■ = 


\t~T\ 


Ht)\\ 3 Lp+1 dr, 


\u(t )\\ 3 Lp+1 dr. 


Jt-i \t-r\ d 

Let us denote by X(i,oo) the characteristic function of (1, oo). Then, by Holder’s inequality, 

1 


h < 


xroo)^) 


r 


\u\ 


L(P)’’ 


where, a := r/(r — 3). Note that as da > 1, ||x(i,oo)('r)| 7 p||L“ < oo. 

Moreover, as d < 1, 

I2 < C|| M llc s (R,LP+ 1 )- 

It follows that, 

II(P“)WIIlp« <C|Mlh (3.17) 

We prove in a similar way that ( Vu )(•) is a continuous function on M with values in L p+1 . 
Furthermore, it follows from (EH and the generalized Young inequality 31], that, 

I|PMIU(P)<C||«||1 (P) . (3.18) 


Then, by EH and EH, 


\\Vu\\ M < C \\u\\ 3 m . 


(3.19) 


In an analogous way we prove that, 


Furthermore, 


\\Pu - Vv\\m < C (\\u\\ 2 M + IMItt) ||h - v\\m- 


ll(P«)Wllw = [‘ dr(F(u(r)),f e-^-d> H F(u(t'))] = 

J— 00 V J —00 J 


(3.20) 


2Re / dr. 
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We define, 


M r ) '■= X(-oo ,t)(r) u(t), g t [r) 

Then, by Hi and Holder's inequality, 






3 

LP + 1 


dr. 


< C 


IM r )l£+ ( r 1] dT 


\r—L)/r 


Wat 


By the generalized Young’s inequality, 


(3.21) 


\\9t\\L r < C\\Ut\\l ( py 


Furthermore, 


Hence, by (13.211) 


M t )IIl/+i 1)rfr 


(r—l)/r 


^ II 11 4 —r II nr—1 

— IMI.m II' u oIl(p)- 


\\(Vu)(t)\\ 2 L2 < \\u\\% l r \\u t \\ r + 2 . (3.22) 

We prove in a similar way that the function t E R. —> (' Pu)(t ) with values in Li 2 is continuous. 

We first prove that equation HU has at most one solution in A4 and then, we prove 
the existence of a solution for ip small. 

Suppose that there are two solutions in M. to (ixm u, v, and denote, ut '■= X(-oo,T)W, vt '■= 
X(-oo ,T)V. Then, 


ur(t) — Vt( t) = (' PuT)(t ) — ( VvT)(t ), f ort < T. (3.23) 

Arguing as in the proof of (irm and as «r(t) = vt( t) = 0 for t >T, we prove that, 


II u t ~ v t \\l(p) < C (||ut||1(p) + IKHl(p)) II u t ~ Fr|U(P)- 
As lim T _ > _ 00 (||wt|I!(p) + IK ; |li(p)) = 0 we can take T so negative that, 

<?(IM|1(P) + |M|! (P) ) < 1/2, 


(3.24) 
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where C is the constant in (13.24(1 . Then, for such T equation (13.241) implies that, 


|| Ut — Vt\\l{P) < - II Ut — Vt\\l(P), 

and then, Ux{t) = VT{t),t < T and by the uniqueness of the initial value problem at finite 
time (see theorem 12.11) . u(t) = v(t),t E R. 

We now prove that e~ ltH E B (H 1 , M). 

Since e~ ltH is a strongly continuous unitary group on L 2 that commutes with (1 +H) 1 ^ 2 we 
have that, e~ ltH E B (H 1 , C(b(R, HI 1 )). Furthermore, as by Sobolev’s theorem [5] and interpo¬ 
lation xJJ] H 1 is continuously imbedded in L p+1 , it follows that, e~ ltH E B (HI 1 , Cb(M, L p+1 )) . 

Moreover, by (EUD and Lemma 3.1 of ra it follows that (in 0 the operator e ltH ° 
is considered, but the same proof applies in our case) e~ ltH E B (L 2 , L r (M, L 1 )) with, l = 
2 r/ (r — 2), and then, we have that, e~ ltH E B (HI 1 , Z/(R, W\^)). Furthermore, as by Sobolev’s 
theorem and interpolation BQ, W\ i is continuously imbedded in L p+1 , we have that, e ltH E 
B (H 1 , L r (R, L p+1 )) . Then, 

e~ itH E B (M 1 , M) . (3.25) 

As in section 2 , for R > 0 we denote, 


■M.r \— \u E A4 : \\u\\m ^ R }. 

We now take R so small that C max [A 3 , (2 A) 2 ] < 1/2, where C is the biggest of the constants 
in (EHTJ1) and gZDD , and 5 so small that 

\\e~ ltH v\\M < Rf 4, f or ||^|| H i < 5. 

Then if ||<^|| H i < S the operator, 

C(u) := e~ itH ip + V(u) (3.26) 

is a contraction on A 4r. By the contraction mapping theorem jHO] C has a unique fixed point 
in M. r that is a solution to (13.121) . and moreover, 

IMIm < \\e~ ltH y \\m + ^||tt||x, (3.27) 
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and hence, 


IMI.M < 2||e ltH (p_\\ M - (3.28) 

By (13.1211 and (13.2211 . u G (7g(M, L 2 ) and (13.811 holds. Equations (13.12(1 . (13.191) and (13.281) 
imply that eh holds for (p_. We dehne, 

ip + \= + - / e ir H F (-u(r)) dr . (3.29) 

^ J— oo 

Estimating as in the proof of EH we prove that tp + G L p+1 , and arguing as in the proof 
of (13.221) it follows that <p + G L 2 and that 

\W+ - ip-\\ L 2 < Cllull^ < C\\e- ltH <pf M . 

Equation enp follows now from dT^H . 

By (|3.12j) and (1121. 


u = e~ itH (p+-- / e~ i{t ~ T)H 
i . L 


F{u(t )) dr. 


(3.30) 


Equation (El follows from ESI estimating as in the proof of E22D- Moreover, estimating 
as in the proof of EH we have that, 




F{u(r )) dr 


< C-\\u 


I 3 

I M' 


(3.31) 


M 


Multiplying both sides of (13.2911 by e ltH and estimating as in the proof of (13.1911 we 
prove that e~ ltH ip + G M.. By EH , ESI and arguing as in the proof of (13.281) we obtain 
that, 

\\u\\ M < 2\\e- itH <p + \\ M - (3.32) 

At this point, EH for ip + follows from EH-EH- Note that the uniqueness of <p + is 
immediate from the fact that e~ ltH is unitary on L 2 . 

Finally, we prove that Sy 0 is injective. Suppose that tp + = Sy 0 p>- = 0. Then, by (13.3011 

e - i(t - T)H F {u{r))dr. (3.33) 

We prove that EH implies that u = 0 arguing as in the proof of the uniqueness of the 
solution to equation (1XT2D and then, it follows from El that = 0. 
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□ 


We now define the scattering operator that relates asymptotic states that are solutions 
to the free Schrodinger equation, 


given by, 


• d n 
l ^l u = H o u , 
at 


s ■= W+Sy W-. 


(3.34) 


In the following theorem we show that we can uniquely reconstruct the linear scattering 
operator from the small amplitude behaviour of S. 

THEOREM 3.2. Suppose that the assumptions of Theorem \S.1\ are satisfied. Then, for 
every <p e H 1 , 


d_ 

de 


S{eip) = S L ip, 


(3.35) 


where the derivative exists in the strong convergence in Lf. 


Proof: Since S'(O) = 0 and the wave operators W± are bounded on HI 1 [10] it is sufficient to 
prove that, 



(3.36) 


But (I3.36j) follows from (EUD with replaced by eip. 


□ 


COROLLARY 3.3. Suppose that the assumptions of Theorem \S.1\ are satisfied. Then, S 
uniquely determines the linear potential Vq. 


Proof: By Theorem 13.21 we uniquely reconstruct Sfi from S. From Sl we obtain the reflection 
coefficients for linear Schrodinger scattering on the line (see Section 9.7 of [2BJ)- As PI has 
no bound states we uniquely reconstruct Vo from one of the reflection coefficients using any 
of the standard methods. See, for example, mm, m, m, m, i, u- 

□ 

Note that our proof gives a constructive method to uniquely reconstruct Vo from S. We 
first compute Sl from the derivative in (13.3511 and then, we obtain the reflection coefficients 
and we reconstruct Vq from one of them. 
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The following Theorem gives us a convergent expansion at low amplitude for Sy o 

THEOREM 3.4. Suppose that the assumptions of Theorem 1,7. 1\ are satisfied. Then, for 
any <p e HI 1 , 

i ((Sy Q - I){c(p),<p\ = e 3 X ( {y 4 (T ltH y,e~ ltH yf) {V 2 e~ ltH y, e~ UH y>) dt 

' ' J — OO 

+0(e 5 ), e 0. (3.37) 

Proof: Suppose that Uj G M, j — 1, • • • , 4. Then, by Holder’s inequality, 


(V 1 u 1 (t),u 2 (t)) (V 2 u 3 (t),u 4 (t)) dt 

< IIViII Li \\v 2 \\Li J \\ui(t)\\ L p+i\\u 2 (t)\\ L p+i\\u 3 (t)\\ L p+i\\u 4 {t)\\ L p+i dt 

(i—3 )/r 


r/(? - 3) dt 


\\u 4 (t)\\ LP+1 

11 4—t* II-, nr—3 


< \\Vi\\li \\V 2 \\li ||mi||i,(P) ||m2||l(P) ||w3||l(P) 

< ||Vi||i9 ||E 2 ||l« ||wi||l(P) || J tt2 II i,(P) II ^3 II P(P) II ^41 | r II ^41|p) 

<INU< ||V2|| w nJ =1 HujIIa* 


(3.38) 


As e ltH (p G M, (13.38(1 with Uj = e ltH y>,j = 1,2, 3,4, proves that the integral in the 
right-hand side of (USD) is absolutely convergent. 

By the contraction mapping theorem, the solution u that satisfies dSZHD with ey> instead 
of ip_ is given by, 

OO 

u(t) = lim C j (ee~ itH ip) = ee~ itH y + v(t), wher ev(t) = V V j (ee~ itH ip). (3.39) 

7—>00 ' J 

3 =l 

Moreover, it follows from m that if e is small enough, 

\\v\\m < Ce 3 . (3.40) 


Then, (13.3711 follows by (13.2911 with &p instead of <p- and (13.3811 - (13.4011 . 


□ 


COROLLARY 3.5. Suppose that the conditions of Theorem 1,7.11 are satisfied and that 
Vi,V 2 , are real-valued functions that are not identically zero. Moreover, assume either that 
V 4 = V 2 or that Vj,j = 1,2, do not change sign and V± V 2 0 in a set of positive measure. 
Then, the scattering operator, S, and V 3 , j = 1,2, determine uniquely A. 
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Proof: 


By (18.871) 

i * (i s v 0 

\ _ __ V u _/_ t o 41 'j 

^°t 2 3 JZc (Vi e- itH (p,e~ itH (p) {V 2 e- itH ip,e~ itH y) dt K ’ 

By corollary 18.81 VA is known, and then H := Hq + Vo is known. Then, W± are known, and 
S uniquely determines Sy o (see (18.841) 1. Hence, the right-hand side of (18.411) is uniquely 
determined by our data. Moreover, under our conditions we can always find a^Gi 1 such 
that the denominator of the right-hand side of dTTTl) is not zero. 

□ 

Note that (18.411) gives us a formula for the reconstruction of A. 

Let us now go back to the quantum capacitor (EU) where we take a slightly more general 
external potential Vo, namely, 


Vo(x) = [p x X[a,b](x) + (hxic,d\(x)\ , 

where Pi, f3 2 G R. By corollary 18.81 we uniquely reconstruct Vo from S. Then, Pi, p 2 , a, b, c and 
d are uniquely reconstructed. Moreover, by corollary 18.81 we uniquely reconstruct A. Hence, 
from S we uniquely reconstruct all the physical parameters of the quantum capacitor. 
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